The melting point for the tetragonal and cubic phases of zirconia (ZrO 2 ) was computed using Z-method microcanonical molecular dynamics simulations for two different interaction models: the empirical LewisCatlow potential versus the relatively new reactive force field (ReaxFF) model. While both models reproduce the stability of the cubic phase over the tetragonal phase at high temperatures, ReaxFF also gives approximately the correct melting point, around 2900 K, whereas the Lewis-Catlow estimate is above 6000 K. 64.60.Ej,64.70.dj 
Introduction
Zirconia (ZrO 2 ), due to its dielectric and thermal conduction properties, is one of the most important oxides from a technological point of view. Furthermore, the unusually high mobility of its oxygen ions at high temperatures, a phenomenon widely studied, makes it ideal as the basis for solid oxide fuel cells (SOFCs). However, zirconia presents itself in several crystalline phases depending on temperature: monoclinic below 1440 K, tetragonal below 2640 K, and cubic from 2640 K up to the melting temperature, 2990 K, and this structural polymorphism gives rise to internal stresses (as different grains transform and change their volume) with temperature, an undesirable property for an engineering material. Unstable phases of zirconia can be stabilized at high temperature by alloying it with other oxides, such as yttria (Y 2 O 3 ), forming the so called yttria-stabilized zirconia (YSZ). The formation of YSZ involves the substitution of Zr atoms by Y atoms, a process which has not been fully characterized at the atomic level.
Understanding the origin of the diffusivity of the oxygen atoms in ZrO 2 and the stabilization of its structure due to substitution has been a challenging task, but one which is especially suited for study using atomistic computer simulations.
Structural relaxation, molecular dynamics and kinetic Monte Carlo techniques have been used in studies of zirconia [1, 2] and YSZ [3] [4] [5] [6] [7] , usually focused on oxygen diffusion. For an extensive review see Kilo et al. [8] . Simulation of diffusion, a non-equilibrium process, requires access to atomic trajectories on the nanosecond scale, as well as a considerable number of atoms. Due to these constraints, simulation is mostly bounded by the choice of the interaction model, which leads to a trade-off between accuracy and computer time.
Earlier studies [1] [2] [3] [4] [5] [6] [7] make use of either empirical potential functions such as the Lewis-Catlow (LC) potential [9] , or ab initio methods such as density functional theory (DFT) to model the interactions in zirconia. While the empirical potential approach is computationally efficient, a feature which is required in order to study diffusion processes involving a time scale of nanoseconds, its accuracy is compromised. Ab initio methods, on the other hand, are the most accurate description we can afford in a computer simulation, but in practice cannot be used for simulations on such a scale. From this, it is clear that an intermediate approach could prove quite useful in this case.
Recently a new generic interaction model has been introduced in molecular dynamics simulations, the reactive force field (ReaxFF) model [10] . This model is based on the concept of bond order and was originally designed to accurately reproduce the formation and breaking of chemical bonds in conjugated, non-conjugated, and radical-containing hydrocarbons. Besides organic reactions, it has also been applied to such complex reactive processes as detonation of explosives, thermal decomposition of polymers, and crack propagation in silicon crystals, among others. It also has the remarkable advantage of being much faster than traditional quantum chemistry (such as DFT) or semiempirical (such as PM3) approaches, with a minimal loss of accuracy.
The ReaxFF model has been applied successfully to zirconia [11] , showing the model's ability to reproduce the structure, and relative energies of the different phases, together with dynamical properties of interest such as the oxygen diffusion coefficients in YSZ. Based on this work, we believe the ReaxFF interaction model is more suitable for studies of the complex dynamical processes, present both in pure (not stabilized) zirconia and YSZ, than the existing models, such as the LC empirical potential.
Among the empirical potentials found in the literature for zirconia and YSZ, the LC potential is found to reproduce with greater accuracy its structural parameters as well as providing consistent values for the diffusion coefficients of oxygen. But, if the aim is to understand the atomic mechanism of diffusion in solid zirconia, which is basically a thermally activated process, we believe the interaction model has to be capable of reproducing also the thermal stability of the crystalline phase. A natural test for this is the calculation of the melting point of the high-temperature stable phase; the cubic phase in the case of zirconia. In this work we compare the melting point of pure (not stabilized) zirconia, with the aim of validating the use of the ReaxFF model for simulations of the substitution and stabilization mechanism which leads to the formation of YSZ. We validate the ReaxFF model by showing that, unlike the LC model, ReaxFF yields a melting temperature for zirconia in excellent agreement with the experimental value.
Method

Z-method simulations of melting
To determine the melting point of a substance without the use of two-phase molecular dynamics simulations, we apply the procedure devised by Belonoshko et al. [12, 13] , which we refer to as the Z-method. This method relies on the fact that any solid system being simulated in the micro-canonical (NVE) ensemble at a temperature slightly higher than its limit of superheating (T LS ) will start to melt, naturally, without any disturbance in the dynamics of the process (such as rescaling of velocities or spurious forces introduced by thermostat algorithms). Then, as the latent heat is removed from the kinetic energy, the temperature will drop, precisely to the melting temperature T . This is seen as a discontinuity in the isochore plot T (P), dividing the "solid" branch, which ends at T LS , and the "liquid" branch, which starts at T . Therefore, computing points along the isochore for a given density around the estimated P and T of melting, one can obtain T as the lowest-temperature point in the liquid branch. The Z-method approach avoids the overestimate of the melting temperature due to superheating which is characteristic of the simpler one-phase melting simulations used in the past. Contrasting this with two-phase simulations, as the simulation involves the transformation of a single-phase (initially solid), only half the number of atoms are required. Moreover, the Z-method allows one to avoid interface effects, associated with the two-phase simulations. Furthermore, once the "jump" from the solid branch to the liquid branch of the isochore is found, the point with lowest temperature in the latter corresponds directly to the melting point, without the need to "bracket" the melting point within an upper and lower limit. This is not to say that the Z-method is superior to the 2-phase method (applied for the first time to real materials by Belonoshko [14, 15] ).
However, it is a useful and sufficiently precise alternative as once again was confirmed in a recent study [16] .
Interatomic potentials: Lewis-Catlow model and ReaxFF
Previous work on YSZ with ReaxFF [11] has shown its ability to reproduce the structural properties of the different crystalline phases accurately. Some of these properties are shown in Tab. 1, compared to the results from simulations with the LC potential [3] , and data from EX-AFS and synchrotron radiation experiments [17] . Crystal phase and model ρ (g/cm 3 ) As a means of comparison, in parallel with the ReaxFF simulations we performed the same procedure using the LC potential, which has the Born-Mayer form,
For these simulations we used the MOLDY molecular dynamics code, by K. D. Refson [18] . The potential parameters A , ρ and C were taken from the paper by Lewis and Catlow [9] . For both the ReaxFF and the LC potentials the long-range Coulomb interactions were considered, as usual, with the Ewald summation method.
Molecular dynamics
We performed Z-method melting simulations on a 3 × 3 × 3 cubic structure (108 zirconium + 216 oxygen atoms) and a 4 × 4 × 4 tetragonal structure (128 zirconium + 256 oxygen atoms) for both the LC and the ReaxFF potentials.
For each potential and phase the density (and thus the dimensions of the simulation cell) was chosen so as to match initially a pressure between zero and 100 MPa at the equilibrium conditions (T 0 = 2000 K for the tetragonal phase and T 0 = 2800 for the cubic phase). Each of these four samples was independently equilibrated for 1.4 ps Crystal phase and model ρ (g/cm 3 ) P (GPa) T (K) at the corresponding T 0 before performing the Z-method simulations. In the case of the ReaxFF simulations, each (P, T ) point on the isochore was obtained first after 80 000 time steps of NVE molecular dynamics, equivalent to 2.8 ps, and then, after 240 000 time steps (8.4 ps) for the cubic structure only, in order to assess any effects due to short simulation times. The reason for such a small time step (0.035 fs) is that in the integration of the equations of motion one needs to take into account the fast vibrations of the lighter atoms (oxygen in this case). Performing a 1 ps simulation in ReaxFF takes about 2 hours and 20 minutes on a single core of a modern supercomputer. For the case of the LC potential, as the computations are orders of magnitude faster, each point on the isochore was obtained after 500 000 time steps, equivalent to 500 ps. For comparison, a 1 ps simulation with the LC potential took about 25 seconds under the same conditions.
Results
The computed isochores for both interaction models (LC and ReaxFF) and crystal structures (tetragonal and cubic) are shown in Fig. 1. Fig. 2 shows the isochore for the cubic structure and ReaxFF model for 8.4 ps. In each plot, the lowest point of the liquid branch can be taken as an accurate estimate of the melting point. The corresponding temperatures (T ) and pressures (P ) obtained in this way are shown in Tab. 2. In all cases the statistical errors in T and P are below 5 percent. The agreement between the ReaxFF melting point for the cubic phase over 2.8 ps and 8.4 ps shows that there is no need for longer Z-method runs. The time needed for thermal equilibration is dependent on the system size, and our samples are small enough to be fully equilibrated after a few picoseconds. Fig. 4 shows a snapshot of the structure, for both the cubic and tetragonal phase, at the highest point on the solid isochore branch, which we take as the superheating limit, T LS . Here we see that both structures still resemble their initial crystalline arrangements (Fig. 3 ) despite the distortion due to thermal vibrations. On the other hand, Fig. 5 shows a snapshot of both structures at the lowest point on the liquid isochore branch, which we identify as the melting temperature, T . In this case all resemblance to the initial structures is lost.
In order to confirm, beyond simple inspection of the structures, that we actually have a liquid state at the points on the liquid isochore branch the following test was performed: we calculated the mean square displacement (MSD) of the Zr atoms for a point on the liquid branch and compared it to the same calculation for a point on the solid branch at a similar temperature. The results are shown in Fig. 6 . Here we see that indeed the diffusion coefficient (which can be computed from the slope at the tail of the MSD vs. plot) for the case of the LC potential is much higher in the liquid branch (dashed lines in the figure) than in the solid branch (solid lines in the figure) . This validates the Z-method for the LC potential, which is indeed predicting a melting point around 6000 K. In the case of the ReaxFF potential, the difference between the MSD curves is not so sharp, mainly due to the short time scale considered (0.7 ps versus 5 ps). To confirm that there is a clear difference, we computed the MSD in a range up to 4.2 ps for the case of cubic structure with the ReaxFF model (Fig. 7) . Again the difference in slopes clearly shows that the Z-method correctly predicts a melting point lower than 3500 K (in fact T =2926 K according to the longer Z-method simulations, Fig. 2 ). The diffusion coefficient for Zr in the liquid state, obtained from the slope of the dashed curve in Fig. 7 is D=3.2×10 −5 cm 2 /s, which is well in the range of liquid diffusion.
In Fig. 8 we show the change in the radial distribution regions are those where atoms are more likely to be found (the color is directly associated to the probability of finding an atom at the given projected coordinates in the X-Y plane). The stripe patterns in the first two cases show that a highly ordered structure is still maintained, unlike in the third case, where no structure is apparent.
Discussion
The relative thermal stability of the cubic phase against the tetragonal phase at high temperatures is well reproduced by both models (higher melting point indicating the But, regardless of the difference in pressure for the LC and ReaxFF melting points we can see that, for any reasonable value of the melting Clapeyron slope, the points obtained with the LC potential are clearly much higher, at least 2000 K above the experimental value (2990 K).
A melting point over 6000 K at 9.1 GPa, to be in agreement with the melting point at the pressure 1 bar, would require an initial Clapeyron slope T / P of at least 330 K/GPa. Compare, for example, with molybdenum, a material having a similarly high melting point at room pressure (T = 2896 K at P = 1 bar), but with an initial Clapeyron slope between 30 and 40 K/GPa [19] [20] [21] [22] . The melting point, computed for the LC model and corrected for the pressure, will be likely around 5700 K at 1 bar: too high by any standard as compared to the experimental melting temperature. On the other hand, the ReaxFF model reproduces the melting point of the cubic phase. We are not aware of any other model for interatomic interactions (besides full ab initio calculations) able to predict a reasonable melting point for ZrO 2 via molecular dynamics. The higher melting point obtained from the LC potential suggests an unrealistic structural rigidity of the solid. This can also be seen by comparing the slopes P/ T of the isochore solid branch for ReaxFF and LC, as shown in Tab. 3. The LC slopes are consistently higher. For a solid, being heated at constant volume, ( P/ T ) V is directly related to the Grüneisen parameter γ,
which is a measure of the change in phonon frequencies due to thermal expansion, a property linking dynamical and thermal phenomena. 
Concluding remarks
In this work we have been able to reproduce the melting point of zirconia with very good accuracy by using the ReaxFF model for the interactions. This shows that, unlike previous interatomic models, the ReaxFF model is capable of simulating the melting process in a realistic way for this material. The success in reproducing such a complex transition as melting is not a minor one. It means the ReaxFF model contains enough information about the interatomic interactions so as to reproduce the structural, mechanical and dynamical properties of the material, as all these phenomena seem to contribute to the processes behind the melting mechanism. In contrast, we show that the Lewis-Catlow interatomic potential, being only a pair potential, is not able to reproduce the complexity of this multi-phase material, especially when computing thermal properties. We believe this result validates the use of ReaxFF in complex non-equilibrium, thermally activated situations like the anomalous oxygen mobility and the formation of YSZ. Building on this, the natural next step seems to be that of crystallizing a liquid solution of zirconia and yttria, and then characterize the lattice sites where the Zr-Y substitution actually takes place.
